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Abstract 

Multidimensional contractions of irreducible representations of the 
Cayley-Klein unitary algebras in the Gel'fand-Zetlin basis are considered. 
Contracted over different parameters, algebras can turn out to be iso- 
morphic. In this case method of transitions describes the same reducible 
representations in different basises, say, discrete and continuous ones. 
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1. Representation of unitary algebras u{2;ji) 

1.1. Finite-dimensional irreducible representations of alge- 
bra u (2) 

These representations have been described by Gel'fand and Zethn [1] . 
They are reahzed in the space with orthogonal basis, determined by a 
scheme with integer-valued components 



m 



mil 



"^12 > "^11 > "^22> 



(1) 



by operators 



Ell I "^*) = n^'ii I "^*) = ^11 1 "^*)) 

-£'22 I ) = ("^12 + "^22 - "^ll) I ) = ^00 I /> 

^2*1 I TO*) = ^ (mi:2 - m^i + l)(m^i - m^a) I - 1) = 

^1*2 I TO*) = ^ (ml2 - TOli)(mli + 1 - m^2) I <i + 1) = 

= ^to|TO*), 



where | mli ± 1) means the scheme (1) with the component changed 
for mil i 1- 

Let us change standard notations of generators E^r for new notations 
An-k,n-r: n — 2, cousisteut with the notations of [2]. The irreducible 
representation is completely determined by the components mi2, "7,22; 
"7,*2 > "7,22 the upper row in (1) (components of the major weight). 

As it is known, Casimir operators are proportional to the unit opera- 
tors on the space of irreducible representation. The spectrum of Casimir 
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operators for classical groups was found in [3-5]; for semisimple groups 
and algebra u (2) it is as follows: 

Ci=mi2+TO22, = +TO22 - ?Tl22- (3) 

Let us remind that the asterisk marks the quantities referring to the clas- 
sical groups (algebras). 

In the space of representation there is vector of the major weight v'mw: 
described by the scheme (1) for m^^ = m*2. Acting on it, the rising op- 
erator A^Q gives zero (AIqV'mw = 0) and the lowering operator Aqi makes 
the value mli = less by one (Aq2^(/?mw = ^"^12 ~ "^22 I ^12 ^ !))• 
Consequently applying Aq^ to (/'mw, we come to the vector of the minor 
weight v'mw) described by the scheme (1) for m\i = 777.22- Acting on ip^^, 
the lowering operator gives zero (Agif^mw = 0). The irreducible represen- 
tations is finite-dimensional, and this fact is reflected in the inequalities 
(1), which are satisfied by the component mli of the scheme. 

The condition of unitary for representations of the algebra U2 is 
equivalent to the following relations for the operators (3): = 
{k = 0, 1), Aqi = A*o, where the bar means the complex conjugation. For 
matrix elements the conjugation of unitary can be written as follows 

(m* I Aqq I m*) = {m* \ Aqq \ m*), 
(m* I An I m*) = (m* \ A*^^ |m*), (4) 
(mil - 1 1 ^01 1 ™*) = (m* I |m^i - 1). 

1.2. Transition to the representations of algebra u(2;ji) 

Under transition from the algebra u{2) to the algebra u{2;ji) the 
generators Aqq, Ali and the Casimir operators remain unchanged, 
and the generators Aq^, A^q and the Casimir operator are transformed 
as follows (see [2]): 

^oi=JiA*i(^), Aio=jiA*o(^), C2Ui)^fiC;{^), (5) 

where Aqi(— >), A*o(— ^) are singularly transformed (for dual value of pa- 
rameter ji = ii) generators of the initial algebra u{2). A question is 
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now raised as to how to set this transformation for the irreducible repre- 
sentation (2) of the algebra u{2). Let us give the transformation of the 
components of scheme (1) as follows: 



m 



11- 



(6) 



Then, taking into account (5), the representation generators (2) can be 
written as 



^00 I m) 



1^112 + m22 

jl 



-mil 



m 



All I to) = TOii I to) 



Aoi I m) = ^/[ml2 - Ji(toii - l)](jimii - 777,22) | tou - 1), 
^10 I to) = y/{mi2 - jimii)\ji{mii + 1) - TO22] | TOu + 1), 

and the spectrum of Casimir operators 

Ci(ji) = Aoo + Aii, 
C2{ji) = AoiAio + AioAoi + jf{Alf^ + Aj^) 



are 



CiUi) 



TO12 + TO22 
jl 



where | m) means the following scheme 



TO12 TO22 
mil 



The inequality (1) for components can be formally written as 



TO12 . . TO22 

> mil > 



TO12 ^ TO22 



Jl 



Jl 



Jl 



Jl 



(7) 



(8) 



C2(ji) = TO12 + TO22 + Ji(toi2 - TO22), (9) 



(10) 



(11) 



To reveal the sense of these inequalities for ji ^ 1, we shall discuss 
the action of rising operator Aiq on the vector of the "major weight" '^M^^., 
described by scheme (10) for mn = mi2, and the lowering operator Aqi 
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on the vector of the "minor weight" if^^., described by scheme (10) for 
777-11 = '"722- We obtain 



= a/toi2(1 - jl)\jl{mi2 + 1) -"722] | ^12 + 1) , ^^^^ 
^OlV'mw = •\/["^12 - jl("^22 - l)]"^22(jl - 1) I "^22 " !)• 

It can be seen from here that for ji = these expressions differ from 
zero. Therefore, the space of representation is infinite-dimensional, and 
the integer- valued component mn, which numbers the basis vectors, vary- 
ing from —oo to oo. Thus, the formal inequalities (11) for ji = ti,i are 
interpreted as oo > mn > —oo and mi2 > m22- 

The form (6) of the transformation of Gel'fand-Zetlin scheme is chosen 
in such a way that the Casimir operator of the second order would differ 
from zero and not contain indeterminate expressions for ji = li. 

1.3. Contractions of irreducible representations 

For ji — Li the operator Aqq contains the summand (mi2 + TO22)/''1, 
which is in general, undeterminate, if its numerator is a real, complex or 
dual number. This summand is determinate, if its numerator is purely 
dual number (see [6]) mi2 + m22 = '-iC? where ^ E M. or ( E C The 
requirement of unitarity for the operator Aqq is given by G M. Thus, 
in order that the operators (7) would determine the representation of the 
algebra u (2; ti), it is necessary to choose the components mi2, ?7722 of the 
scheme (9) as follows 

mi2 = fc + tiC/2, r?722 = -/c + nC/2, C e ^, (13) 

where k, generally speaking, is a complex number. 

The scheme (10) for dual values of components is determined by the 
expansion into series 

}- m) + Li-{ m) rn) 22), (14) 
mil / 2 

where | m) = ^ | m)'i2 = \ m) \ nii2=k, m22=-k, and the simi- 

lar expressions are valid for | rh) 22- The initial schemes (1) are normalized 
to unit: (m* | m*) — S , ^rn^'m* ^m*'m* • Schemes (10) for the contin- 



m) = 
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uous values of components are normalized to delta-function. In particular, 
for I m) we have normalization to the squared delta-function 

(m' I m) = 5'^{k' - k)5^>^^rm^. (15) 

Substituting (13), (14) in formulas of §1.2, we obtain the representa- 
tion operators of the algebra u (2; ii) (the dual parts are omitted): 

^00 I m) = (C - mil) I fa), An \ m) = mu \ m), 

_ (16) 

^01 \ m) = k \ mil — 1), ^10 | m) = A; | mu -|- 1). 

The requirement of unitarity (4) for operators Aqi, Aiq gives k = k, i.e. k 
is a real number, the inequality mi2 > m22 gives for the real parts k > —k, 
i.e. k > 0, the component nin is integer-valued and changes according to 
(10) in the range — oo < mu < oo. The eigenvalues of Casimir operators 
(8) on the irreducible representations of the algebra u (2; ti) are 

Ci(ii) = C, C2{Li) = 2k\ (17) 

They are independent and differ from zero. As in the case of the initial 
algebra w(2), the irreducible representations of the contracted algebra 
u (2; ii) are completely determined by the upper row of the scheme, i.e. 
by parameters k > 0, ( E 'K. The results (14), (15) coincide with the 
corresponding formulas in [7] for the case of algebra m (1). 

To the requirement of determinacy of the spectrum of operator C2(6i) 
corresponds not only the transformation (6) of the components of Gel'- 
fand-Zetlin schemes, but, for example, the transformation mi2 = jiTn\2i 
m22 — ^22, mil = T^ii as well. Here generator Aqq \ m) — (^7^ + m22 — 
—mil) I m) is determined only for mi2 = tip, p G M, but then Ci(ti) = 
= p + 77122 7^ 0, and C2(ti) = ti[m22(m22 - 1) +mi2/ti + mi2/ti] = mf2 + 
+timi2 = {t,ip)^ + li{lip) = 0. In this case the irreducible representation 
of the algebra u (2) is contracted to the degenerate representation of the 
algebra u{2;li), for which Ci(<-i) ^ 0, and 6*2(^1) = 0. One can not, 
at all, transform the components m^^ = m^^. Then under contraction 
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we also obtain the degenerate representation of the algebra u (2; ti) with 
Ci('-i) = ^12 + "^22 7^ 0, C2{ii) = 0. This representation is given by 
generators Aqo, ^ii of the form (2), and the generators Aqi and Aiq bring 
I m) to zero: Aqi \ m) — 0, Aiq \m) — 0. 

We have chosen the transformation (6) which gives under contraction 
the non-degenerated general representation of the algebra u (2; ti) with 
non-zero spectrum of all Casimir operators. Further, studying the algebras 
of the higher dimensions, we shall consider just this case. 



1.4. Analytical continuation of irreducible representations 

As it has been noticed in [6], the formulas for the transformation 
of algebraic quantities, derived from the requirement of the absence of 
undeterminate expressions for dual values of parameters j, are valid for 
imaginary values of parameters as well. For the algebra u (2; ji = i) = 
u (1, 1) this means that (mi2 + 777-22)/^ = C- The requirement of unitarity 
for Aqq gives C ^ ^5 components mi2 and 777.22, in general, are 

77712 = a-|-z^6+ 0, 77122 = -a - - 0, a, 6, C € R. (18) 

Substituting (18) in (9), (7), we get 



^00 I 7n) = (C - 77iii) I m), All I rn) = 7^11 1 m), 
Aqi I m) = 




+7a(26+ 1) 1 77111 - 1), 

Aio\m)= (19) 



\-mii\ (^^mii-l] + 
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'+m(26+l)|mii + l), 



Ci(i) = C, C2ii) = 2 



a2-6(6+l)-(0 



+ 2m(26+ 1). 



The relation (4) for the operators Aqi, Aiq, imphed by the require- 
ment of Hermiticity, can be written as foUows 



'a2 - 6(6 + 1) + ( ^ - mil j ( ^ - mn + 1 ) + m(26 + 1) = 



= Wa2 



6(6+1)+ ( |-mnV^-mii + l 



(20) 



m(26+ 1). 



To satisfy (20) for any (, mn, the imaginary part of the radicand 
must vanish and the real part must be positive. It is possible in two cases: 
a) 6 = -i, a ^ 0; 6) a = 0, -6(6 + 1) > 0. 

In the case (a) the formulas (19) can be rewritten as follows: 



Aoi\m) = + [mil - (1 - 0/2]^ | mn - 1), 
^10 I m) = + [mil + (1 - 0/2]^ | mn + 1), 
Cl(^) = C, C2(z) = 2a2 + (l-C')/2. 



(21) 



This is irreducible representation of the continuous series of the alge- 
bra u (1, 1). Gcl'fand and Graev [8] used the components mi2 = ~| + c''? 
"^22 = ^ + related with components mi2 = ifhi2, m22 = im22 via 
formulas Reo" = |, Imcr = —a. 

In the case (6) the relations (19) can be rewritten as follows: 



^01 1 m) = ^[mii-(C + l)/2]2- (^6+0 | mn - 1), 
y^[mn-(C-l)/2]2- (^6+0 | mn + 1), 



Aio I m) 

C^i(i) = C, C72(i) = -2 



(22) 



b{b + i) + \c' 
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This is irreducible representation of additional continuous series [9]. 

There is once more possibility besides cases (a) and (6). Let com- 
ponents mi2, m22 be purely imaginary: mi2 = imi2, TO22 = ^"^22, where 
fni2, TO22 are integers. Then the relations (19) can be rewritten as follows: 

^00 I "7,) = (mi2 + m22 - "^ii) I rn), An \ m) = mn | m), 
Aoi I m) = •\/-(mi2 - mil + l)(mii - m22) | mil - 1), , . 

/ — (^'^j 

^10 I rn) = V-(mi2 - mii)(mii + 1 - m22) | mn + 1), 
Ci{i) = mi2 + m22, ^2(1) = -(toi2 + "^22 + "^12 - "^22), 

They coincide with (2), (3) except for the sign minus in the radicand. The 
requirement of unitarity (4) can be reduced to the reality of the root in 
the expressions for the generators Aqi and Aiq which is possible when one 
of the factors is negative. As a result, we get two more irreducible repre- 
sentations: c) mil > ^12 + 1; d) mil < "^22 — 1) which are called discrete 
series. The discrete series of irreducible representations of pseudounitary 
algebras u{p,q) are described by Gel'fand and Graev [8, 10]. The cases 
(c) and (d) correspond to modified schemes 



In the simplest case of algebras u (2; ji) we have shown in detail how 
method of transitions works for irreducible representations. 

The irreducible representations of algebras u {2;ji) are given by for- 
mulas of §1.2 with additional conditions (13) in the case of contraction 
and (18) in the case of analytical continuation to the components of the 
upper row in Gel'fand-Zetlin scheme. To obtain unitary representation, it 
is necessary additionally to check up whether the relations (4) are satisfied 
for contracted and analytically continued generators of representation. 




(24) 
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2. Representations of unitary algebras u{3;ji,j2) 
2.1. Description of representations 

Standard notations of Gel'fand and Zetlin [11] correspond to diminish- 
ing chain of subalgebras u{3) D u (2) D w (1), where u (3) = {E^r, k,r = 
1, 2, 3}; u (2) = {Ekr, k,r — 1, 2}; u (1) = {En}. To make them consis- 
tent with the notations of [2], it is necessary to change index k for index 
n — k = 3 — k, i.e. Ekr = An-k,n-r- Doing so, we turn the chain of subal- 
gebras into ^(3; ji, j2) D w(2;j2) 3^(1), where ^(3;^) = {Asp, s,p = 
0,1,2}; u(2;j2) = {Asp, s,p = 1,2}; u{l) = {A22}. The component 
enumeration in Gel'fand-Zethn schemes we leave unchanged. 

It is well known that to determine representations of algebra u (3) it is 
sufficient to determine action of generators Epp, Ep^p-i, Ep-i^p, i.e. gener- 
ators Akk {k = 0, 1, 2), Ak,k+i, Ak+i,k {k = 0, 1). The rest generators A02, 
A20 can be found using commutators A02 = [^01,^12], A20 — [7421,^10]- 
Under transition from w (3) to u{3;j) the generators are transformed as 
follows (see [2]: ^01 = jiA^i(^), ^12 = j2^i2H), ^10 = ji^toH)> 
A21 = j2^2i(^); ^fcfc = Transformation of the components of 

Gel'fand-Zetlin schemes can be defined as follows: 

mi3 = jij2mls, m23 = rn^g, 77133 = ji32ml^, ^^^^ 

mi2 = j2ml2, "7,22 = ^2^22, "^11 = m^. 

Then the component of scheme | 777) satisfy inequalities 













TO13 77123 W33 \ 










1 


) = 




mi2 17122 ) , 


















77711 / 






mi3 
hh 


> 


TO23 


> 


m33 
3i32 ' 


7ni3 ^ mi2 
ili2 ~ J2 


> 


m23 


m22, 


> 


m22 

32 


> 


mss 
hh ' 


TO12 _ 

. > mil 

32 


> 


m22 

32 



(26) 



Transforming the known expressions for generators of algebra u (3) 
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we come to generators of representations of algebra u (3; j): 



1 

i2 



Aoo I m) 



, mi3 + 777,33 "712 + "^22 \ , v 

TO23 H : m) 

Jlj2 32 J 



Aqi I m) = 

{mi3 - 3\mi2 + jij2)im33 - jimi2 - 3132) x 1 
x(i2W23 - mi2){j2mii - mi2) 

(77722 - TOi2)(m22 - "712 - ^2) 



"^12-^2) + 



1 

+ — 
32 



{mi3 - 3x17122 + 2jij2){m33 - 3117122) X 
X (j2m23 + 32 - m22){32mii + 32 - 17122) 

(77112 - m22 + 2^2) (77112 " "i22 + ^2) 



1/2 



TO22 - J2; 



1 

32 



Alo I 77l) = 

(Wl3 -ilTOi2)(r?733 - Jimi2 - 2jij2)x 
x(j2TO23 - j2 - Wi2)(i2Wll - J 2 - W12) 
(77122 - "il2 - 32){m22 " "^12 " 2^2) 



1/2 



(27) 



"^12 + j2) + 



1 

+ — 
J2 



("il3 - il"i22 + ilj2)("?'13 - Jl"''22 - Jli2)x 
x(j2/"23 - /"22)(j2/"ll - "'22) 

(77112 - m22 +32){mi2 - 17122) 



1/2 



1^22+ j 2), 



A02 I 77l) = 

(to13 - jlTOl2 + ili2)("733 " ^1^12 - ili2) X 

x(j2m23 - mi2) (77122 - j2mii) 

(77122 - mi2) (77122 - TO12 - j2) 



1/2 



mi2 - 32 
mil - 1 



+ 
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+ 



("7-13 - jim22 + 2jij2) (777,33 - jlTO22) X 
X (j2"7,23 + j2 - W22)(mi2 - j2'mii + ^2) 

(mi2 - m22 + 2^2) (mi2 - m22 + ^2) 



1/2 



m22 ■ 
mil 



J2 
- 1 



A20 I m) = 

("7l3 - jl"7i2) (77733 - jl"722 " 2jij2)x 
X(j2777,23 - j2 - 777i2)(?7l22 - ^277711 - J2) 
(77122 - 77112 - ^2) (77122 - 77112 - 2^2) 



1/2 



77712 + J2 
77111 + 1 



+ 



+ 



(77113 - jl77l22 + ^1^2) (777.33 " jl77l22 " ^1^2) X 

X(j277l23 - 77122) (77^12 -32^11) 

(77112 - 77722 + J2)(777i2 - 77722) 



1/2 



77122 + 32 

mil + 1 



where 1 777i2±j2) is the scheme (26), in which component ?77i2 is substituted 
for 777x2 ±i2 and so on. Generators An, A22, ^12, ^21, making subalgebra 
u(2;j2), are described by (7), where each index of generators must be 
increased by unit and parameter ji has to be substituted for parameter 

32- 

Generators (27) satisfy the commutation relations of algebra u (3; 

j): 



Jk 



JkrJrqc a JkrJrq^- a 



J, 



pr 



J kq 
max(fc,r) 

i=l+min(fc,r) 



(28) 



coinciding with Cartan-Weyl commutation relations in [2] for A^k — Hk, 

Akr = Ei^-i^. 

Unitary algebra u (3) has three Casimir operators, which under tran- 
sition to algebra u (3; j) are transformed as follows [2]: 



^i(i) = cr(-), C2(i) = jfj|c*(^), cM=jtjici{^). 



■2-2/^*1 
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Spectrum of Casimir operators in this case is as follows 



^ / TO13 

Ci{j) = — hm23, 

C2{j) = + 77133 + ili2™23 + 2ilj2(mi3 - m33), 

C3U) = ^(m?3 + mis) + 2(2mf3 - mig) - mi3m33+ ^^^^ 
J1J2 

+^1^2(^23 + 2^23 - 2m23)+ 
+jij2[2(2mi3 - mss) - 777,23(^13 + "733)]. 

This naturally brings up the question: for what considerations has 
been chosen transformation rule (25) for components of Gel'fand-Zetlin 
schemes or rule (6) in the case of algebra tt(2;ji)? We choose it in or- 
der to make spectrum of Casimir operators of second order different from 
zero and not involving undeterminate expressions for dual values of pa- 
rameters j. Because C2{j) — iii2^2(~^) components mi3, m23, 
77733 enter C2 quadratically, this requirement gives (25). However, variant 
(25) (we call it basic) is not unique. Two other variants are possible as 
weU: 77713 = mis, 77723 = jij2m^3^ 77733 = ^1^2^33 or 77713 = iii2TO^3, 
"^23 = J1J2W23, 77733 = W33, which tum initial irreducible representa- 
tion of algebra u{3) into representations of algebra u{3;j) with other 
(in comparison with basic invariant (29)) values of Casimir operators. 
For example, C^{j) = 777^3 + 777^3 + Jii2"^i3("7i3 + 2) - 2^1^277733 and 
C2 (i) = "^13 + "^23 + JiJ2"^33(w33 - 2) -|- 2jij2777i3. The consideration of 
these variants of transition for irreducible representations is quite similar 
to basic variant, and we skip the corresponding relations. 

It will be shown further that basic transformations (25), as two other 
variants, give under contractions general, non-degenerate representations 
of contracted algebras, all Casimir operators, which are independent and 
have non-zero spectrum. 

For interpretation of formal inequalities (26) let us consider the action 
of rising generator ^lo on the vector of the "major weight" v'mw: described 
by scheme (2.26), for 77711 = '"^12 = nT'is, "^22 = '"^23) and the action of 
lowering generator Aqi on the vector of the "minor weight" </?mwj described 
by scheme (26) for 77711 = ^-22 = ^33, "7i2 = ^23- Let us write out 
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explicitly only those factors, which vanish for ji = j2 = 1. Then 

AiQifiM^ = ^{mi3(l - ji)Ay/^ I mi3 + ^2) + 

n 

+ ^{^2302 - I m23 + j2), 

1 (30) 
^oi</fmw = — {^23(^2 - 1)C}^/^ I m23 - j2)+ 

32 

+-{^33(1 - h)DY''' I ^^33 - h)- 

32 

It can be seen from here that for ji 7^ 1, j2 = 1 ^io<^mw = {'^^13(1 — 
-ji)Ay/^ I mi3 + 1)^0, which means the absence of the bound from 
above on mi2; AoiV^mw = {^33(1 ~ 3i)D}^^^ 1^33 ~ 1) 7^ 0, that means 
the absence of the bound from below on m22, i-e. components of scheme 
(26) satisfy inequalities mi2 > TO23 > "^22- For ji = 1, j2 7^ 1 we obtain 
from (30) ^ioV'mw = ^{"7,23(^2 - 1)-B}V2 1 777,23+^2) 7^ 0, that means the 
absence of the bound from above on 777,22, and ^oi^'mw = ^{"^23(^2 — 
1)C}-^/^ 1 77723 ~ ^2) 7^ 0, which means the absence of the bound from 
below on mi2, i.e. components of scheme (26) satisfy inequalities rrii^ > 
> 77712, 77722 > 77733, —oo < TTin < oo. At last, we find from (30) for 
jl ^ 1, j2 7^ 1 that there are no restrictions for components 777i2, 77722, 
77711. In all cases inequality 77113 > "733 remains valid. 

The same inequalities for components of Gel'fand-Zetlin scheme can 
be derived from formal inequalities (26), if one interprets them for ji, 
j2 7^ 1 according to following rules: inequality y > ?7ii means the absence 
of the bounds from above on mi; inequality mi > y means the absence 
of the bounds from below on 77ii; inequality > ^ is equivalent to 
^ > r?7i, i.e. common parameters in both parts of inequality can be 
cancelled out. The same rules are valid for algebras of higher dimensions 
as well. 

Formulas for irreducible representations of algebra u (3) can be ob- 
tained from formulas of this paragraph for ji = j2 = 1- The requirement 
of unitarity for representations of algebra u (3) leads to the following rela- 
tions for operators (27): Akk = Akk (^ = 0, 1, 2), Arp = Apr {r,p = 0, 1, 2). 
Here the bar means complex conjugation. 
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2.2. Contraction over the first parameter 

The structure of contracted unitary algebra, described in [2], is as 
follows: w(3;ii,j2) = T4S('U (1) © w (2; ja)), where T4 = {^01,^10,^02, 
^20}; w(2;j2) = {^11,^22,^12,^21}; u{l) = {Aoo}. The relations (27) 
give for ji = 61: 



+ 



X 



+ 



X 



Aoo I rn) 



mi3 + 777,33 

ilj2 



+ TO23 - 



"7l2 + 77722 
32 



m) 



1 



Aoi I m) = —V-iTT'lsmssX 
32 

02^23 - mi2){j2mii - 77*12) \ 



(77722 - TOl2)(n722 " mi2 - ^2) 

(j2"^23 +.7"2 - W22)(j2r7lll + j2 - 77722 ) I 
(77112 - ^22 + 2^2) (77112 " "^22 + ^2) 

1 



"7l2 - ^2) + 
TO22 - j2) 



AlO I 77l) = — V-"7i377l33X 

J2 



(j2"^23 - J2 - TOi2)(j2?n 
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J2 - "7i2j 



X 



(m22 - mi2 - i2)(w22 - mi2 - 2^2) 

(j2"723 - r?722)(j2"7ii - 77*22) ) 
(mi2 - 77722 + J2) ("712 " "^22) J 

Aq2 I 777) = V-mismssX 

(j2?"23 - "^12) ("^22 - i2"^ll) 



1/2 

I TO12 + ^2) + 
"^22 + ^2) 



(77722 - TO12) (77722 - TO12 - j2 

(j2?"23 + 32 - 'm22){mi2 - j2"7ii + ^2 ) 1 
(77712 - ^22 + 2j2)("il2 - r7722 + J2) 

^20 I "i) = V-"^13"^33X 

(j2"^23 - j2 - "712) (77722 - j2"^ll - 72) 
(77722 - "^12 - J2)(W22 - "^12 - 2j2) 



777 1 2 ■ 
77711 



32 
- 1 



+ 



1/2 



r7722 - 32 

mil - 1 



r77i2 - J2 

mil + 1 



+ 



+ 



(j2"723 - m22){mi2 - j2"7ii) 

(77712 - rn22 -\- h){mi2 - 77*22) 



1/2 



"T.22 +32 

mil + 1 



(31) 
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Here dual parts, arising in the expressions for generators, are omitted, and 
only real parts are written. 

Algebra w(3;/-i,l) is inhomogeneous algebra m(2) in Chakrabarti's 
notations [7]. The requirement of determinacy and unitarity of generator 
^00 gives (mi3 + mzz)/ii = C ^ K, i.e. 

TO13 = /c + nC/2, m33 = -/e + /c e k>Q. (32) 

Real-valuedness of k follows from unitary relations for Aqi, Aiq, and its 
positiveness - from inequality rnia > mas, considered for real parts. Tak- 
ing into account (32), we get ^/—mi^mzz = k, and the expressions (2.31) 
for j2 = 1 coincide with corresponding Chakrabarti's formulas [7] for iu{2). 
The integer components of scheme | fh) are interrelated via ineqiialities 
mi2 > > > TOii > ensued from (26) for ji = ii. The 

scheme | m) can be obtained from scheme (26) for mis — k, russ = —k. 
Spectrum of Casimir operators in a given irreducible representation of 
algebra tt (3; 1) can be found from (29): 

Ci(6i,l)=^ + m23, C2(^l,l) = 2/c2, 

Cs{iul)^Sk\C + l). 

Algebra su (3; li, 1) differs from algebra u (3; li, 1) in that diagonal opera- 
tors satisfy the relation Aqq + An + A22 = 0. Acting on scheme | m), we 
get ^ + m23 I m) = 0, from which it follows ^ = — 777,23. Substituting ^ in 
(33), we find spectrum of Casimir operators 

Ci(ii, 1) = 0, C2{ti, 1) = 2k'', C3(ii, 1) = Sk\l - m23) (34) 

of the irreducible representation of algebra su (3; ti, 1) = T4SU (2), gener- 
ators of which are described by (31) for j2 = 1, where it is necessary to 
put 

"7i3 = A; - iim23/2, 77133 = -A; - <-im23/2, k>0, 77723 £ (35) 
Here Z is a set of integers. 
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2.3. Contraction over the second parameter 

The structure of contracted algebra is described in [2] and is as fol- 
lows: u{3;ji,i2) = T4D(ti(2;ji)©ii(l)), where T4 = {A12, A21, A02, ^20}; 
u{2;ji) = {Aoo, ^11, ^oi5 ^10}; ^(1) = {^22}- After substitution of 
j2 = i2 in (27), expressions | mi2 ± L2) can occur, with which we proceed 
according to general rules (see [6]) of treating functions of dual variable, 
i.e. expand into series 

d 

I mi2 ± 62) = I to) ± ^2 I m)[2, I m)[2 = ^ I to): 

CTO12 

d ^^^^ 
I TO22 ± 12) = I to) ± 12 I to)22, I to)22 = ^ I to). 

Cm22 

Taking this remark into account, (27) give for j2 = 62 the following ex- 
pressions for generators: 



A I \ f , TOi3-hTO33 mi2-hTO22\ 

^00 to) = m23 -I : 

V ^2^1 i2 / 



TO), 



A I \ f TO12 + TO22 V , A \ \ I \ 

All I to) = I mil I I to), A22 I to) = mil | to), 

A12 I to) = V-TO12TO22 I TOii - 1), 
^21 1 to) = V-TO12TO22 I TOii + 1) , 

Aoi I m) = I — (toi2Q;12 + TO22Ct22) I 'm) + 

TO12 - TO22 L i2 

[JiTOi2(toi3 - m33)- 



2Q!i2 

to)- 



2 / , , TO12 

-Q!i2 TOii -hTO23 + 



TO12 - TO22 

1 



[2jim22(TO33 - j\m22) + 



m) - mi2ai2 | TO)i2- 



2q;22 

of , , 2mi2+TO22\ 

+"22 TOii -\- 17123 H 

V TO12 - TO22 / 

- m22Q!22 I to)22} , 

^10 I to) = I — (toi2Q;12 + TO22a22) I to)-|- 

TO12 - TO22 I i2 
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2a 



12 



[2jimi2(mi3 - jimi2)- 



"12 ITT'll + "^23 + 



mi2 + 2m22 

TOl2 - TO22 



m)+ 



2ci!22 

-"22 ( ^Ttii + m23 + 



[jim22(TOl3 - "^33)- 
^22 



"^12 - "^22 
+m22Q!22 I "7,)22} , 



m) + myiOLvi I to)i2+ 



(37) 



A 



02 
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m) = 
m) = 



V-TOl2"7,22 
"^12 - "^22 
V-"^12"T'22 



(q!12 + Q;22) - 1), 

{an + 0:22) I mil + 1), 



mi2 - m22 
ai2 = •\/-("^13 - jl"7,i2)(m33 - jimi2), 
"22 = •\/-(mi3 - jim22)(TO33 - jl"7,22), 

where only real parts are written. To obtain correct expressions for Aqi, 
AiQ, it is necessary to consider in denominators of (27) mi2 — Tn22- 

The requirement of determinacy of generators Aqq, Ah together with 
condition of their Hermiticity brings to components of schemes 



mi3 = k + L2jii/2, m33 = -A; + i2ji?/2, /c > 0, ^ G M, 
TO12 = r + i2C/2, m22 = -r + i2C/2, r > 0, C e K. 

Substituting components (38) in (26), we get 

I m) = I m) + i2jl7r(| TO)i3 + I "^)33) + l^2^{\ ^)'l2 + I "^)22)> 



(38) 



m) = 




(39) 



"7,11, 777,23 e 



For classical unitary algebras, Gel'fand-Zetlin schemes | m) with in- 
teger components enumerate normalized to unit basis vectors in finite- 
dimensional space of representation. Under contraction and analytical 
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continuations a part of components of schemes | m) takes continuous val- 
ues. In this case basis vectors in infinite-dimensional space of represen- 
tation for contracted or analytically continued algebras, corresponding to 
such schemes are understood to be generalized functions, orthogonal as 
before, but normalized to delta- function. In particular, for | m) we get 

(m' I m) = 5^{k' - k)5\r' - r)5m'^^,rn2jrn',„rm„ (40) 

where the squared delta-functions occur due to the fact that r and k twice 
enter the components of scheme (for details see [12-14] by Celeghini in the 
case of contractions and [15, 16] in the case of analytical continuations). 

Substituting (38), (39) in (37), we obtain generators of irreducible 
representation of algebra u (3; ji, 12)'- 

Aoo I m) = (m23 + C - C) I "^)) ^11 1 ^) = (C - "^n) I 
A22 I fh) = mil I fh), 

A12 \m) = r\ mil — 1), ^11 \ m) = r\ mn + 1), 
A02 I m) = \Jk'^ - jlr"^ I mil - 1), 
A20 I m) = \Jk'^ - jfr^lmii + 1), 

^01 I = ^ ^A;2 - j2r2 I (^C - "7-11 - 777,23 " ^ | fh) + 

^10 I ™) = ^ y//^2 _ j2^2 I - mil - "123 + I rh) + 



(41) 



+ •^'i^^l2 ^ \m)+r{\ m)'i2 - I m)22) 

The relation of Hermiticity for operators A02, ^20 gives k'^ — jfr"^ > 0, 
which for ji = 1 imposes restriction k > r. The action of operators on 
the derived schemes can be found, using (36) , by application of operators 
to both sides of equation | m)'i2 = ■^{\Tni2 + 1^2) — \ fn12 — ^2))- The 
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eigenvalues of Casimir operators for representation (41) can be obtained 
by substituting of components (38) in (29). They are as follows: 



Cl(jl, L2) + ^23, C2(jl, 62) = 2/c^, 



(42) 



They are all different from zero and independent, as it must be for non- 
degenerate irreducible representations of algebra u (3; ji, 12)- Let us notice 
that spectrum (42) coincides with spectrum (33) of Casimir operators for 

algebra w (3; 61,^2)- 

For the sake of convenience of applications (interpretation) we have 
fixed indices of generators Apg, for this reason u (3; 1, L2) and u (3; ti, 1) 
turned out in our case to be different algebras. Rejecting this agreement it 
is easy to prove that these algebras are isomorphic. Representation (31), 
(32) is realized in discrete basis, generated by the chain of subalgebras 
u (3; ti, 1) D u (2; 1) D u (1) and described by schemes: 



whereas representation (41) is realized in continuous basis, generated by 
expansion u (3; 1, L2) D u (2; L2) D u (1) and described by schemes 



where besides Aqq, Ah, A22 operator Aqi + Aiq is also diagonal in this 
basis. 

Thus, contractions over different parameters, leading to isomorphic 
algebras, give description of the same irreducible representation of con- 
tracted algebra in different basises, generated by canonical chains of sub- 
algebras. 




77123 ^ ^7 k > 0, 

mi2 > m23 > "722, mi2 > mn > m22, 

^12, 17122, mil e Z, 



(43) 




k>r>0, 



(44) 
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2.4. Two-dimensional contraction 



The structure of algebra u{3;t) is given in [2]. It is as follows: 
u{3;l) = Tq^{{Aoo} © {All} © {^22}), where nilpotent subalgebra Tq 
is spanned over generators Apg, p,s = 1,2. The explicit form of gener- 
ators of irreducible representations of algebra can be obtained, putting 
either ji = ti, j2 = 1.2 in (27), or j2 = 1.2 in (31), or from (37) for ji = ti. 
All three approaches lead to the same result: 



A \ \ f , TOl2+TO22\| V 

^00 \m) = \ 777,23 H "i) 5 

V ''1''2 i2 J 

A22 I m) = mil I m), 

. I V /mi2+ 77722 \\ \ A \ \ I 1\ 

^11 I 7n) = I 77111 I I 77l), A12 I 777) = CU I 77lii — 1), 

A21 I 77l) = Q! I mil + 1), 

A I \ 2n/? . ^, 4 I \ 2n/? . ^, 

^02 777) = ' 77711 - 1), A2Q m) = ' 77711 + 1), 

777,12 - 77122 77li2 - 77122 

^ I \ ^ / 77112 + 77122 , , , 

Aqi m) — < m)— (45) 

777,12 - 77122 I i2 

/ . . 377712 + 77722 V > , w I \/ 1 

- 77111 + 77123 + 7T7 T h^) " "^12 "^)l2 " "^22 771)22 ^ ' 

V 2(77712-77722)/ J 

. I , (3 ( mi2 + 7^722 I V 
^10 77l) = < 77l)- 

7n,i2 - 77722 I ^2 

f , , 77712 + 3?7l22 \ I . . I \/ , \ \>\ 

- mil + 77723 + 7T7 T ] \ "^12 \ m)i2+ 77722 777)22 } > 

\ 2(7Mi2 - 7^722)/ J 

a = \/-TOl27n22, /3 = V-TOl3"733. 

The requirement of determinacy of operators ^OO) ^ii ^ind condition of 
Hermiticity, give for the components of scheme | 777) : 

77713 = /C + 7172^/2, 77733 = -/c + 7172^/2, k > 0, ^ G M, 

(4dI 

77712 = r + i2C/2, 77722 = -r + 72C/2, r > 0, C ^ 



21 



The substitution of these expressions in (45) leads to representation oper- 
ators 

^00 I fh) = (m23 + C - C) I Ml I m) = (C - mn) | m), 

M2 I fh) = mil I fh), A12 \fh) = r \ rrin - 1), 
A21 \fh) = r\ mil + 1), 
A02 \fh) = k\ mil - 1), A20 I m) = /c I mn + 1), 



It is worth of mentioning that operator Aqi +A10 is diagonal in basis | fh), 
and spectrum of Casimir operators for irreducible representations (47) of 
algebra u (3; t) is given by the same formulas (33), (42) as in the case of 
algebras u (3; 61,^2), u (3; ji, L2). 

3. Representations of unitary algebras u{n;j) 
3.1. Operators of representation 

Standard notations of Gel'fand-Zetlin [11] correspond to diminish- 
ing chain of subalgebras u{n) D u{n — 1) D ... D u{2) D u{l), where 
u (n) = {Efer, k,r = 1,2, ... ,n}, u{n - 1) = {Ekr, k,r = l,2,...,n- 
— 1}, ... , tt(2) = {Ekr, k,r = 1,2}, u{l) = {En}. We shall use now 




(47) 



where | m) means the scheme 




"7,11, m23 e Z, 
k>0, r > 0. 



(48) 
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another imbedding of subalgebra into algebra, which leads to the chain 
of subalgebras u {n; jij2, ■ ■ ■ Jn-i) ^ m (n - 1; j2, • • • , Jn-i) 3 ... D 
D u{2]jn-i) D w(l), where u {n; ji, . . . J^-i) = {Asp, p,s = 0,1,..., 
n-1}, u{n- l;j2,...,Jn-i) = {Asp, s, p = 1, 2, . . . , n - 1}, . . . , u (2; 
jn-i) = {Asp, s,p = n - 2,n - 1}, u{l) = {An-i,n-i}- To pass from 
standard notations to ours, it is necessary to change index k of generator 
for index n — k and to leave unchanged the numbering of components in 
Gel'fand-Zetlin schemes. 

To determine representations of algebra u (n), it is sufficient to give 
the action of generators Ej^^, Ej^^i^^i, Ej^^i^^ cind to find the rest genera- 
tors from commutators. In our notations it is sufficient to know generators 
An-k,n-k, An-k,n-k-i, An-k-i,n-k, which are transformed under transi- 
tion from u (n) to u (n; j) as follows: 



An-k,n-k-l — Jn-fc^n-fc,n-A:-l(~^)5 
-k-l,n-k = Jn-fc^n-fc-l,n-A;(~*')) ^ = 1, 2, . . . , n 



1, 



(49) 



where jn-k for dual value plays the role of tending to zero parameter in 
Wigner-Inenu contraction [17]; A*{^) is singularly transformed generator. 

To give of a singular transformation is equivalent as to give the trans- 
formation rule for components of Gel'fand-Zetlin scheme 



m*) 



m 



In 



m 



2n 



. . . m 



n— l,n 



mi 



™l,n-l ™2,n-l 



m 



n— l.n— 1 



^^12 "^22 
mil 

rripf, > m* j^_i > m*_^.i j., 
k ^— 2, 3^ • • • ; 
p= l,2,...,n- 1, 

mln > m'^n >■■■> "^nn 



(50) 



under the transition from u{n) to u{n;j). Defining this transformation 
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by 

n-l 

mik^ml,.Jk, mkk=mlkJk, Jk= 3u 

(51) 



i=n-fc+l 

mpk = m*f., p= 2,3, ...,n-l, k = 2,3,...,n, 

we obtain the scheme | m), which components rupk are integers, and com- 
ponents rriik, rukk can be complex or dual numbers. They satisfy inequal- 
ities 

mpk>mp^k-i>mp+i^k, /e = 2, 3, . . . , n, p = 2, 3, . . . , n - 2, 

mik . mi,fe-i . . mfe_i,fe_i rukk ._„x 
^— > > m2k, mk-i,k > J > (52) 

-Jk Jk-l Jk-l 'Jk 



> m2n > man > • • • > mn-l,n > 



which for dual and imaginary values of parameters j are interpreted ac- 
cording to the rules, described in §2.1. 

Substituting (51) in known expressions for generators of algebra and 
taking into account (49), we find operators of representation of algebra 
w(n;j): 

. I \ fmik + rukk mi,fc-i + 

An-k,n-k I "7.) = ■ ■ h mk-l,k + 

\ -Jk Jk-l 

fc-2 X 

+ ^^{msk-m8,k-i)]\m), k = l,2,...,n, 

8=2 ^ 

An-k-i,n-k I m) = ■^[al{m) \ mu - Jk) + a,kim) \ rukk - + 

Jk 

k-1 

+jn-k+l XI ^fe ("^) I "^sk - 1) , (53) 

8=2 

An-k,n-k-i I rn) = -^Iplim) \ mu + Jk) + bl{m) \ rrikk + Jk)] + 

Jk 

+jn-k+l^bli'm) \lTT'sk + 1), A; = 1,2, . . .,77, - 1, 

8=2 
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where 



al{m) 



f k k-2 

n iJklp,k+l — hk + Jk) n {Jklp,k-1 — hk) 



p=2 



p=2 



X 



fc-1 



n {Jklpk — hk + Jk){Jklpk — hk) 
p=2 



I 



X 



(^l,fc+l — jn-khk + Jk+l){h+l,k+l — jn-khk + <^fc+l)x 

'x{h,k-ijn-k+i — hk) 

{hk — hk + Jk){hk — hk){h-l,k-ljn-k+l — hk)~^ 



ai{m) = <^ 



k k-2 

p,k+l — hk + 1) n {lp,k-l — hk 
p=2 p=2 



fc-1 



> X 



X 



n i}pk ~ hk + ^){lpk — hk) 

p=2 
p^s 

{h,k+l — Jk+lhk + Jk+l) 



{hk — Jkhk + Jk) 



X 



X 



(^fc+l,fe+l — Jk+lhk + '^fe+l)(^l,fe-l — Jk-lhk)^ 

x(/fc-l,fc-l — Jk-lhk) 

(^Ifc - Jkhk){hk — Jkhk + Jk){hk — Jkhk) 



(54) 



1 < s <k, 



bl{m) = 



> X 



X 



r k k-2 

n {Jklp,k+1 — hk) n {Jklp,k-1 — hk — Jk) 
p=2 p=2 

k^ 

n {Jklpk — hk){Jklpk — hk — Jk) 
p=2 

{h,k+l — hkjn-k){h+l,k+l — hkjn-k)x 

x(/l,fc-ljn-fc+l - ^Ifc - Jk) 

(^fcfe - hk){hk — hk — Jk){h-l,k-ljn-k+l — hk — Jk)~^ 
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Kim) 



k k-2 

n — Isk) n {lp,k-l — lak — 1) 

p=2 p=2 

k^ 

n i^pk — hk){lpk — hk — 1) 
p=2 

^ . {h,k+i - Jk+ilsk) 



X 



{hk — Jkhk) 

{lk+l,k+l — Jk+llsk){h,k-l — Jk-lhk — Jk-l)^ 

X(^fc-l,fc-l ~ Jk-lhk — Jk-l) 

{hk — Jkhk — Jk){lkk — Jklsk){lkk — Jkhk — Jk) 



> X 



1 < S < A;, 



The expression for a^(m) can be derived from that for a\{m) by changing 
Ilk for Ikk and Ikk for hk- The same substitution turns h\. into fe^(?77-). 
Components m are related with components I by equations 

hk = - Jk, hk = rrikk - kJk, hk = rrisk - s, 1 < s < k. (55) 

As it can be shown by direct checking, operators (53) satisfy commu- 
tation relations (28) of algebra u {n;j). Therefore, they give a representa- 
tion of algebra. Considering the action of rising operators An-k,n-k-i on 
vector of the "major weight" <^mw) described by scheme | m) for maximal 
values of components, and the action of lowering operators An-k-i,n-k 
on vector of the "minor weight" described by scheme | m) for mini- 

mal values of components, as in §2.1, we find that for dual or imaginary 
values of all or some parameters j the space of representation is infinite- 
dimensional and does not contain subspaces invariant in respect to oper- 
ators (53), because taking any basis vector and acting on it by operators 
Akr required number of times, we obtain all basis vectors in the space of 
representation. Therefore, representation (53) is irreducible. 

Though the initial representation of algebra u (n) is Hermitean, irre- 
ducible representation (53) of algebra u (n; j), in general, is not Hermitean. 
Therefore, if we want representation (53) to be Hermitien, it is necessary 



to require the fulfilment of relations A^ 



pp 



{p = 0, l,...,n - 1), 
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Akp = ^p/j, which for matrix elements of operators can be written as 
follows: 

{m\App\m) = {m\App\m), 

(56) 

(n I Akp \m) = {m\ Apk \ n), 

where bar means complex conjugation. 

3.2 Spectrum of Casimir operators 

Components m^^ of the upper row of scheme (50) (components of the 
highest weight) completely determine the irreducible representation of al- 
gebra u{n). A.M.Perelomov and V.S.Popov [3], A.N.Leznov, I.A.Malkin, 
V.I.Man'ko [5] found eigenvalues of Casimir operators, expressing them 
in terms of components of the major weight. For unitary algebra u (n) 
spectrum of Casimir operators can be written as follows: 

C*(m*) = Tra*'^^, (57) 

where E is matrix of dimension n, all elements of which are equal to unit, 
and matrix a* is as follows 

(^ls = iiT^ln + ^-p)^ps-Osp, s,p=l,2,...,n. (58) 

Here 9sp — 1 for s < p and 9sp = for s > p. 

Under transition from algebra u{n) to algebra u{n;j), j — (ji,j2, 
. . . ,jn-i) the components of major weight are transformed according to 
(51), i.e. min = Jml^, ninn = Jm^n, rrisn = m*^ (s = 2, 3, . . . , n - 1), 

n-l 

J = Yl ji- Let us define matrix a{j) as 
1=1 

a{j) = Ja*{^), (59) 

where o*(— *>) is matrix (58), in which the components substituted 
by their expressions in terms of m^^, i.e. aii(— >) = n — 1 + minJ~^, 
ttnn{—^) = 'n^nnJ~^ 1 and the rest matrix elements are given by (58). Then 
matrix a{j) is as follows: 

aiiij) =mira + J{n-l), ann{j) = mnn 

apsU) = J[{mpn + n-p)5ps - 9sp], (60) 
p, s = 2, 3, . . . , n — 2. 
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Casimir operators are transformed according to [2]: C2kij) — 
= J'^^C2k{—^), C2k+i{j) = J'^'^C2k^i{^)- Their spectraare transformed 
in just the same way. Therefore, spectrum of Casimir operators for algebra 
u{n;j) is as follows: 

= TTiJa*i^)f>'E = TTaij)E, 

= Tr {a*{-^)Ja*{^)f''E = Tr a*{^)a'^''{j)E, 
where 2k and 2k + 1 takes all integer values from 1 to n. In particular, 

n-l 

Ci(m) = {min+mnn)J~^ + 5^ 
C2(m) = ml^+ml^ + J{n-l){min-mnn)+ (62) 

n-l 

+ ^ msnirrisn + n + 1 - 2s) 

s=2 

are eigenvalues of the first two Casimir operators of algebra u (n; j) on the 
irreducible representation. 

3.3. Possible variants of contractions 
of irreducible representations 

For brevity, in this section we shall talk on contractions of irreducible 
representations, however, keeping in mind that the corresponding consid- 
erations are valid for imaginary values of parameters j as well. Transfor- 
mation (51) of components in Gcl'fand-Zetlin scheme have been chosen in 
such a way that eigenvalues of Casimir operators of even order would differ 
from zero under contractions. However, variant (51) (we call it basic) is 
not unique. As it can be easily seen from (61), (62), the same goal can be 
achieved, transforming any two components of the upper row according 
to the rule m = Jm* and leaving unchanged the other components of this 
row. 
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What happens in this case with initial irreducible representation, say 
under contraction Ji = ^i, J2 = ■ ■ ■ = jn-i = 1? The transformation rule 
for generators remains unchanged: A = (Ilife)^*!^)) only expressions 



for singularly transformed operators of representation are modi- 
fied as well as inequalities for components of Gel'fand-Zetlin scheme in 
comparison with the same contraction ji — ii in basic variant. The eigen- 
values of Casimir operators depend not on components mi„, m^„, as in 
basic variant, but on other two components of the upper row. 

Thus, each of ^2 ^ — ''^('^ ~ 1)/^ variants of transition from irre- 
ducible representation of algebra u (n) gives under contractions its own 
irreducible representation of algebra u{n;j), which spectrum of Casimir 
operators is determined by its own two components of the upper row of 
Gel'fand-Zetlin scheme. In this case all variants of transition are of general 
type, i.e. lead to non-zero spectrum of all Casimir operators, even when 
all parameters j take dual values. 

The considerations brought above are valid for each algebra u {k;j'), 
A; = 2, 3, . . . , n — 1, in the chain of subalgebras, described in §3.1, i.e. for 

each subalgebra there are = k{k — l)/2 variants of transition from 

irreducible representation of subalgebra u{k) to general irreducible rep- 
resentations of subalgebra u{k;j'). The latter determine Gel'fand-Zetlin 



sentation of algebra u (n) to irreducible representations of algebra u {n;j) 

n-l / 

can be written in N^-i = S ( o ) different basises, corresponding to 

different variants of transformation of Gel'fand-Zetlin scheme components 
in the rows with numbers = 2, 3, . . . , n — 1. In the first two sections of 
this paragraph we have described basic variant, in which the first and the 
last components of the rows with numbers k = 2,3, . . . ,n undergo trans- 
formation. It is clear that, if necessary, similar relations can be written 



k 




variants of transition from irreducible repre- 




variants. 
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